Abstract. This manuscript is devoted to the study of the concept of a generating subset (a.k.a. Hopf image of a morphism) in the setting of locally compact quantum groups. The aim of this paper is to provide an accurate description of the Hopf image of a given morphism. We extend and unify the previously existing approaches for compact and discrete quantum groups and present some results that can shed light on some local perspective in the theory of quantum groups. In particular, we provide a characterization of fullness of Hopf image in the language of partial actions as well as in representation-theoretic terms in the spirit of representation C * -categories, extending some known results not only to the broader setting of non-compact quantum groups, but also encompassing a broader setting of generating subsets.
Introduction
The concept of a subgroup is central to understanding locally compact quantum groups as group-theoretic objects and accordingly it has been receiving an increasing interest in recent years, see e.g. [BB09, BY14, BCV17, DKSS12, KKS16, KSS16, KS14a, KS15]. It arises naturally when studying quantum homogeneous spaces, as the natural examples of homogeneous spaces are of quotient type, see [KS14b] , or when studying the behavior of quantum groups with respect to some natural constructions, see e.g. [KSS16, Ver04, Wan95, CHK] .
The starting point for this project was to improve the understanding of the notion of closed subgroup in the realm of locally compact quantum groups. Classically, in order for a non-empty closed subset X ⊂ G of a locally compact group G, to be a group, it has to satisfy X 2 ⊂ X and, if G is non-compact, also X −1 = X. Clearly, generically these conditions do not hold, and the way to cope with this is to consider the subgroup generated by the given subset X, i.e. the smallest closed subgroup containing it. One immediately realizes that this smallest subgroup is given by n∈Z X n (and in the compact case Z may be replaced by N). This viewpoint was already utilized in [BB10] in the case of Hopf * -algebras and in [SS16, BCV17, Chi15] in the case of compact quantum groups, where analytic issues are minor, and it was implicit in various writings on discrete quantum groups, and formulated explicitly e.g. in [Izu02, Ver05, Ver07] . Once the notion of generation was established in a satisfactory way in this restricted setting, the question of moving to a broader, and technically more involved, class of locally compact quantum groups arises naturally.
In this manuscript we study the following concept: let G be a locally compact quantum group (in the sense of Kustermans-Vaes) . Let B be a C * -algebra and let β ∈ Mor(C u 0 (G), B) be a morphism of C * -algebras (in the sense of [Wor95] ). We think of it as the Gelfand dual of a map β: X → G from a quantum space into a quantum group and ask what is the closed quantum subgroup (in the sense of Vaes, see [DKSS12] ) of G generated by β(X) ⊂ G.
Formally speaking, we consider the following category, which we denote by C β . Objects of C β are triples (π, H,β) consisting of: a closed quantum subgroup H of G such that π ∈ Mor(C u 0 (G), C u 0 (H)) is the associated morphism intertwining the coproducts andβ • π = β (as morphisms of C * -algebras), i.e. the map β factors through the C * -algebra of functions on the subgroup C u 0 (H) (where H is embedded into G using π) andβ • π = β is the factorization. For two objects h = (π, H,β), k = (π ′ , K, β ′ ) ∈ Ob(C β ), a morphism ϕ ∈ Mor C β (h, k) is a C * -algebra morphism ϕ ∈ Mor(C u 0 (K), C u 0 (H)) (note that the direction of arrows in C β is same as the direction 2010 Mathematics Subject Classification. Primary: 46L89 Secondary: 46L85, 46L52. Key words and phrases. Hopf image, locally compact quantum groups, quantum subgroups.
of maps on the level of quantum groups, which is opposite to the ones on the level of C * -algebras of functions), which intertwines the respective coproducts and such that the following diagram commutes:
The object we are interested in is the initial object of the category C β . Our study of Hopf images begins in Section 2 by showing, among others, that Theorem A. Given a locally compact quantum group G and a morphism β as above, there always exists the initial object of the category C β .
This initial object is then called the Hopf image of β, following the situation studied first in the algebraic setting by T. Banica and J. Bichon in [BB10] . When this initial object happens to be (id, G, β), we then say that β is a generating morphism (this was earlier known as inner faithful morphism and as morphism faithful in the discrete quantum group sense in the context of Hopf * -algebras, but the latter term is long and does not extend nicely beyond the compact quantum group setting, and the former might unnecessarily suggest some connections to the adjoint action).
The prominent examples of induction from subgroups of G to G of the following properties: Connes' embeddability of L ∞ (G), given in [BCV17] , and residual fininite dimensionality of O(G), given in [Chi15] , puts the setting of quantum group generated by a family of its subgroups in the center of the study of Hopf images. We analyze an analogous situation in Section 3.
Intriguingly, the closed quantum subgroups H ⊂ G are characterized by the so-called BaajVaes subalgebras of L ∞ ( G) (the precise definitions are given in Section 1.4). It follows from our discussion (cf. Theorem 2.6) that the most natural examples of invariant subalgebras of L ∞ ( G) -the ones coming from representations of G -satisfy the following phenomenon: if they are τ -preserved (which is the case e.g. for quantum groups that are compact, discrete or of Kac type), they are automatically Baaj-Vaes. This means that in many examples part of the assumptions of the Baaj-Vaes theorem are actually implied by sole invariance. It is not known to the authors whether this phenomenon holds in full generality.
The Hopf image construction highlights a certain local perspective in the theory of quantum groups. This rather vague idea can be forged into concrete statements. For instance, classically a homomorphism G → K is uniquely determined by its values on the generating set. A similar statement can be proved in the quantum case:
Theorem B. With the notation as above, assume that β is a generating morphism and consider two homomorphisms
For G discrete the converse is also true in the following sense: if a quantum subset has the property that homomorphisms are uniquely determined by the values they attain on this set, it is generating.
We address the problem of describing the Hopf image of a given morphism by means of other objects related to it. Associated to the map β, philosophically being the Gelfand dual of a map X → G, there are: restrictions of representations of G to X; partial action by right shifts X G and a representation of the dual quantum group X ∈ L ∞ ( G)⊗B(H). We have the following result expressing generation in these terms:
Theorem C. With the notation as above, consider the following four statements:
The ingredients of Theorem C are described in detail in course of constructing the Hopf image. We later move to the study of generation-type questions in the language of representation category of the quantum group in question. Assume {H i } i∈I is a family of closed subgroups of G and denote by U Hi the restriction of a representation U of G to H i . Recall that Hom G (U,Ũ ) is the set of intertwiners between U andŨ as representations of G. We have Theorem D. G is generated by (H i ) i∈I if and only if for all pairs of representations U,Ũ of G we have that
The manuscript is organized as follows: Section 1 is devoted to establishing notation and conventions. We collect also from various places in the literature some ingredients of the theory of locally compact quantum groups that are most relevant to our constructions. In Section 2 we deal with Theorem A and reveal the structure of objects useful in the later study of Hopf images. In Section 3 we analyze the case of the generating set coming from a family of subgroups. Section 4 is devoted to the proof of Theorem B and its converse. In Section 5 we introduce the concept of restricting a representation to a subset and prove a reformulation of Theorem C. In Section 6 we study the concept of restriction of a representation to a subset from the point of view of intertwiners. In particular, we derive Theorem D. Section 7 discusses some examples and applications of the Hopf image construction.
1. Preliminaries 1.1. C * -algebras, von Neumann algebras etc. The symbol σ denotes the flip, i.e. unique extension of the map A ⊗ B ∋ a ⊗ b → b ⊗ a ∈ B ⊗ A. We use the leg numbering notation, which is now commonly understood: for T ∈ M (A ⊗ C), we denote by T 13 ∈ M (A ⊗ B ⊗ C) the operator given by (σ ⊗ id)(1 ⊗ T ). Similarly, if t ∈ M (B), then 1 ⊗ t ⊗ 1 ∈ M (A ⊗ B ⊗ C) will be denoted by t 2 , and so on.
For two vectors ξ, η ∈ H, by the functional ω ξ,η ∈ B(H) * we mean a map T → ξ|T η (note that the inner product is linear in the right variable).
We will use the following lemma a few times:
net of normal functionals such that
Proof. Recall that σ-WOT is the weak * -topology in B. Pick µ ∈ B * . We have
Since t = (id ⊗µ)T ∈ A and ω i i∈I − − → ω ∈ A * weak * , we have ω i (t) i∈I − − → ω(t). This is equivalent to
which finishes the proof. 
The reduced C * -algebra C 0 (G), endowed with the same structure as above; (4) The universal C * -algebra C u 0 (G), its coproduct will be denoted by ∆ u G and the canonical quotient map will be denoted by Λ G :
) and its universal companions:
G implements the coproduct in C 0 (G) (and also in L ∞ (G)) in the following way:
The semi-universal incarnations of the Kac-Takesaki operator are linked to the Kac-Takesaki operator by means of the reducing morphism:
The universal version of the Kac-Takesaki operator is linked to the semi-universal companions in a similar manner:
These operators obey the following pentagonal-like equation (see [MRW12, Proposition 4 .4]):
The dual quantum group G is governed by its own Kac-Takesaki operator
When discussing a single locally compact quantum group, we will often drop the G and G decorations of the coproduct, Kac-Takesaki operators etc. Then the structure of the dual group will be decorated only with the hat decoration, e.g. ∆ will be the coproduct in L ∞ ( G) etc. The study of G and G is supplemented with (6) the unitary antipode R: C 0 (G) → C 0 (G), living also on the von Neumann algebra level:
(10) analogous structure for the dual: R u , R, τ u t and τ t . (11) the analytic continuation of τ t to the upper half-plane C + yields the analytic generator of the group of transformations τ t , denoted τ i/2 . It appears in the polar decomposition of the antipode: S = R•τ i/2 . In case τ t = id, one has τ i/2 = id and S = R is bounded. In such cases we say that G is of Kac type. The scaling groups and unitary antipodes are compatible with the reducing morphisms in the following sense: 
By a representation of a locally compact quantum group G we will always mean a unitary element U ∈ M (K(H U ) ⊗ C 0 (G)) satisfying:
) one can form two new representations: the direct sum and tensor product, we will need a precise formula of the former later on, so we recall it. The direct sum is obtained by using the canonical inclusion maps ι: B(H U ) ֒→ B(H U ⊕ HŨ )) andι: B(HŨ ) ֒→ B(H U ⊕ HŨ )) induced by the spatial maps H U , HŨ ֒→ H U ⊕ HŨ . Then the direct sum is nothing but
The viewpoint U ∈ B(H U )⊗L ∞ (G) enables us to make sense of the following crucial observation, which is contained in [Wor96, Theorem 1.6]. Let ω ∈ B(H U ) * be a normal functional. Then
The representations of G can always be realized by means of a * -homomorphism from C u 0 ( G). We note the following result:
Conversely, given a C * -algebra B, a representation in a Hilbert space ρ ∈ Mor(B, K(H)) and
1.4. Homomorphisms and subgroups. An in-depth description of homomorphisms between quantum groups was given in [MRW12] , let us recall the main points. Fix two locally compact quantum groups G and H. A homomorphism of quantum groups H → G can be equivalently described by three objects:
, which intertwine the coproducts:
, which are (anti)representations on both legs:
Moreover, they satisfy (
, where V is the corresponding bicharacter. Furthermore, each homomorphism H → G has its dual homomorphism G → H. It can be described as follows.
Let us also stress that bicharacters and right quantum group homomorphisms are equally well studied in the von Neumann algebraic context, so that a unitary V ∈ L ∞ ( G)⊗L ∞ (H) satisfying (1.10) and a normal * -homomorphism ρ:
) also describe a homomorphism of quantum groups H → G. Right quantum group homomorphisms in the von Neumann algebraic context are in fact normal extensions of the respective maps in the C * -algebraic context: they are implemented by V by the formula ρ(x) = V (x ⊗ 1)V * . Let us note that second condition in (1.11) corresponds to ρ being a right action of H on L ∞ (G). These are analogues of the natural actions by right shifts.
A thorough treatment of the notion of subgroup was given in [DKSS12] , we recall some of the main points of that article. Let H → G be a homomorphism of quantum groups (described by a Hopf
H . This map γ is nothing but the incarnation on the von Neumann algebra level of the reduced version ofπ, namely
and hence, by (1.12), in particular we have Let us comment on the assumptions of Baaj-Vaes theorem. It turns out that in the case G is compact, discrete, classical and dual to classical the conditions R(M) = M and τ t (M) = M for all t ∈ R actually follow from some more general principles. In case G is compact, this follows from restriction of Haar state to M, in case G is discrete this is [NY14, Theorem 3.1], after applying co-duality techniques of [KS14b] (an elementary proof is also available, see [Józ16, Theorem 1.35]). The case of classical groups and dual to classical groups was covered in [TT72] by Takesaki and Tatsuuma. It turns out that the von Neumann algebras constructed in Section 2 are automatically invariant, and once made τ t -invariant for all t ∈ R, they are also R-invariant. This covers an abundance of invariant subalgebras, especially in the Kac case, and it is not known to the authors whether there exists an invariant von Neumann subalgebra that is not a Baaj-Vaes subalgebra.
Construction of Hopf image
2.1. First steps towards the construction. The goal of this part is to construct a quantum group H which will later be shown to satisfy the defining properties of Hopf image. So let us fix a morphism β ∈ Mor(C u 0 (G), B), where B is some C * -algebra, as in the introduction. Application of Λ G ⊗ id ⊗ id to both sides of (1.3) yields:
1 or sometimes we call them Vaes-closed quantum subgroups, as there is a competing definition of Woronowiczclosed quantum subgroup and they agree in case G is compact, discrete, classical or dual to classical, see [DKSS12, KKS17] Let us denote
. Computing the value of (id ⊗ id ⊗β) at both sides of the equality (2.1) results in:
or, equivalently,
Applying (ω ⊗ id ⊗ id) for ω ∈ L 1 ( G) to both sides of (2.2) we obtain:
where a = (ω ⊗ id)W. As
and hence the map θ:
Let us assume that B is (faithfully, nondegenerately) represented on a Hilbert space H: B ⊆ B(H).
Then we can view θ as a representation
, we conclude that:
Now we are in position to state the main construction. Let
Denote by M 1 the * -algebra generated by M and by M 1 its norm-closure.
Proof. Indeed, as we have
is a von Neumann algebra. Let M BV be the smallest Baaj-Vaes subalgebra containing M 1 (so in particular containing M 1 ). The existence of such a von Neumann algebra follows from standard argument: it is the intersection of all Baaj-Vaes subalgebras of L ∞ ( G) containing M 1 : this collection is non-empty because L ∞ ( G) itself is such an algebra. Later on we will see that it can be constructed more explicitly. Thanks to Baaj-Vaes theorem, there exists
Properties of the algebra
M 1 . Lemma 2.3. Let β ∈ Mor(C u 0 (G), B
) and assume B is faithfully, nondegenerately represented on a Hilbert space H: B ⊆ B(H). Let
Remark 2.4. By first part of Lemma 2.3 we see that we can restrict our attention to maps β: C u 0 (G) → B that are surjective (philosophically speaking, the maps that are Gelfand duals of embeddings β: X ֒→ G of a quantum space X as a closed quantum subset of G, where B = C 0 (X)).
Proof. The first statement follows from standard reasoning, so we omit it.
It is obvious that
and by Lemma 1.1 we have that x i → x in σ-WOT. Hence x ∈ M 3 by σ-WOT closedness of the latter and we are done.
Now as every functional in B(H) * restricts to B and C we have that 
Pick then ξ, η ∈ H, we have:
By WOT-closedness of M 5 any element of the generating set of M 4 is in fact in M 5 , so we conclude by von Neumann's bicommutant Theorem.
Proof. For the invariance, let us first pick x = (id ⊗ω ξ,η )X ∈ M 5 for some ξ, η ∈ H, we will show that ∆(x) ∈ M 5⊗ M 5 . Pick an orthonormal basis (e j ) j∈J of H and recall that 1 = j∈J |e j e j | is a WOT-convergent resolution of identity into rank one projections. We compute:
We conclude by normality of ∆ and equality M 1 = M 5 obtained in Lemma 2.3.
Let t ∈ R, assume ker(β) is τ u t invariant and let ω ∈ B * . Then there exists a (necessarily unique) functional ω t ∈ B * such that ω•β •τ u t = ω t •β. This follows from a general Banach space theory: there exists an isometry s making the following diagram commute:
Now, as τ t (ker β) ⊆ ker β, using s we can conclude the existence of a map τ
In particular, M BV = M 1 if G is compact or discrete or if τ u t (ker(β)) ⊆ ker(β) for all t ∈ R. Proof. For the purpose of the proof, let us denote by M RHS the von Neumann algebra appearing on the right hand side of Theorem 2.6. This algebra is clearly τ -invariant, and as M 1 is invariant, using [MNW03, Theorem 1.9(2)] we conclude that M RHS is again invariant. To see that M RHS = M BV , we need to show that it is preserved by the unitary antipode R.
First, for t ∈ R and ω ∈ B(H) * let us denote x ω,t = ( τ t ⊗ ω)X and observe that M 1 = M 4 is generated by x ω,0 for all ω ∈ B(H) * . Furthermore, for t ∈ R fixed, τ t (M 1 ) is generated by {x ω,t | ω ∈ B(H) * }. In turn, M RHS is generated by {x ω,t | ω ∈ B(H) * , t ∈ R}. Indeed, from the above description we see that all elements x ω,t ∈ M RHS . The converse inclusion follows easily from von Neumann's bicommutant Theorem: if y commutes with all x ω,t for all ω and t, then
′ . Now we use M 1 = M 4 from Lemma 2.3. Let us pick ω ∈ B(H) * . Then ω * defined as ω * (a) = ω(a * ) is again a normal functional. Then by (1.9) we have that (id ⊗ω)(
The last part of the Theorem follows from the observation that in all these cases the algebra M 1 is automatically τ -invariant: in case of G compact or discrete this was discussed at the end of Section 1.4 and the case τ u t (ker(β)) ⊆ ker(β) for all t ∈ R follows from the discussion in Proposition 2.5.
2.3.
Proof. Assume that (π K , K,β) ∈ C β and pick ω ∈ B * . Using (1.13) and (1.14), we have that
Hence the algebra M 1 constructed for β and the corresponding algebra constructed forβ, seen as subalgebras of L ∞ ( G), coincide, hence so do their C * -envelopes M 1 and the corresponding one forβ. This shows the necessity.
Assume
coincide and from (2.3), we have that X 23 X 13 = (∆ K ⊗ id)X, so σ(X * ) satisfies hypothesis of Theorem 1.2.
Proof of Theorem A. From Lemma 2.7 we get that H constructed at the end of Section 2.1 can be endowed with the morphismβ completing the desired factorization, i.e. (π, H,β) ∈ C β . Let
is chosen to be a minimal von Neumann subalgebra with this property, we necessarily have
In particular the inclusion map satisfies the defining property of H being a closed quantum subgroup of K, so we conclude by [DKSS12, Theorem 3.5] and [KSS16, Lemma 2.5].
More on
. In this section we investigate the mutual relation between the objects describing the embedding X ֒→ G as phrased in Remark 2.4, i.e. the morphism β ∈ Mor(C u 0 (G), B), the unitary antirepresentation X ∈ M (C 0 ( G) ⊗ B) and the morphism θ ∈ Mor(C 0 (G), C 0 (G) ⊗ B) in the spirit of [MRW12] .
From the discussion in Section 2.1 it is clear that out of β one can canonically construct the unitary X, which is an antirepresentation of G. But Theorem 1.2 (applied to σ(X * ) as in the proof of Lemma 2.7) shows that to a unitary X ∈ M (C 0 ( G) ⊗ B) there corresponds a unique morphism β ∈ Mor(C u 0 (G), B). Again, from the discussion in Section 2.1 it is clear that out of a unitary X, which is an antirepresentation of G one can uniquely construct the morphism θ ∈ Mor(C 0 (G), C 0 (G) ⊗ B). Observe that this morphism satisfies the following condition: (∆ ⊗ id)•θ = (id ⊗ θ)•∆. Indeed, for a ∈ C 0 (G) we have that (2.9) (∆ ⊗ id)•θ(a) = (∆ ⊗ id)(X(a ⊗ 1)X * ) = W 12 X 13 (a ⊗ 1 ⊗ 1)X * 13 W * Now using (2.2), we can continue calculations from (2.9) and get:
Then there is a unique unitary X ∈ M (C 0 ( G) ⊗ B) such that θ(a) = X(a ⊗ 1)X * and X is an antirepresentation of G.
Proof. The proof is essentially the same as first part of the proof of [MRW12, Theorem 5.3], but we repeat it for later use.
. We will show that W 23X124 W * 23 = X 134 , then using [MRW12, Theorem 2.6] we conclude thatX ∈ M (C 0 ( G) ⊗ C1 ⊗ B), so in fact there exists X ∈ M (C 0 ( G) ⊗ B) withX = X 13 . We compute
We now check that θ(a) = X(a⊗1)X * . This is equivalent to showing that θ(a) 13 =X(a⊗1⊗1)X * . We compute:X
Showing that X is antirepresentation amounts to showing that ( ∆ ⊗ id ⊗ id)X =X 234X134 . Using (1.4) and the definition ofX we get that:
where in the last equality we used the fact thatX 234 = X 24 commutes with W * 13 . To prove uniqueness, assume Y ∈ M (C 0 (G) ⊗ B) is another such unitary. Because slices of W are dense in that in fact X(1 ⊗ u) = Y for some unitary u ∈ M (B). Applying ( ∆ ⊗ id) to both sides of this equality we get
and hence u = 1, which finishes the proof.
Summarizing, there are three equivalent ways of studying an embedding X ֒→ G of a locally compact quantum space into a locally compact quantum group (we recall that B = C 0 (X)), these are as follows:
(1) the morphism β ∈ Mor(C u 0 (G), B); (2) the unitary X ∈ M (C 0 ( G) ⊗ B), which is an antirepresentation of G and
which corresponds to the partial action X G by right shifts.
Fixing a non-degenerate representation of B ⊆ B(H) and denoting by B = B ′′ the WOT-closure of B in the WOT-topology induced by this embedding, we can (similarly as in the case of homomorphisms), study the above objects in the von Neumann algebraic context. Indeed, we have
because θ is obtained by conjugating with a unitary and as such extends to the WOT-closure of C 0 (G). We will switch between these viewpoints freely later on. The passage from von Neumann level to C * -level is pretty much the same as in Section 1.3.
The case of two subgroups
The goal of this section is to discuss the notion of compact quantum group generated by two closed quantum subgroups in the sense of [BCV17] , as well as the notion of joint fullness of a family of (corestriction functors induced by) Hopf quotients in the sense of [Chi15] , in the context of Hopf image and to extend it to the non-compact case.
Let then G be a locally compact quantum group and let H 1 , H 2 be its two closed subgroups (for i = 1, 2, denote by π i :
the corresponding bicharacters). Consider the two ideals: C 0 (G \ (H 1 ∪ H 2 )): = ker(π 1 ) ∩ ker(π 2 ) and C 0 (G \ (H 1 · H 2 )): = ker((π 1 ⊗ π 2 )•∆ u G ) and the two quotients (3.1)
Proposition 3.1. The following von Neumann subalgebras of L ∞ ( G) are equal:
• M 1,2 , the smallest von Neumann algebra containing both
Observe that ker(q ∪ ) = ker(π 1 ⊕ π 2 ), hence arguing as in the proof of the first part of Lemma 2.3 we may replace q ∪ with π 1 ⊕ π 2 in the definition of M ∪ (and the functionals are on a different C * -algebra then). Recall that (C
Recall that the linear span of the functionals of the form ω 1 ⊗ ω 2 on A⊗ B is weak * -dense in (A⊗B)
* for any C * -algebras A, B. Further, as (id ⊗q • ) W = ((id ⊗π 1 ) W) 12 ((id ⊗π 2 ) W) 13 , to compute M • it is enough to understand the von Neumann algebra generated by operators of the form ((id ⊗ω 1 •π 1 ) W)((id ⊗ω 2 •π 2 ) W) thanks to Lemma 1.1. But it is then clear that
as desired.
Similarly as in the previous step, it is immediate to see that
Definition 3.2. We call the Hopf image of either of the maps q • and q ∪ the closed quantum subgroup generated by H 1 and H 2 and denote it by H 1 , H 2 . More generally, if H i ⊂ G is a family of subgroups (i ∈ I), then we denote by i∈I H i the subgroup generated by this family: the subgroup corresponding to the Baaj-Vaes subalgebra ( i∈I γ i (L ∞ ( H i ))) ′′ .
Separation of homomorphisms
Let G, K be locally compact quantum groups and let a homomorphism of quantum groups G → K be described by a Hopf 
be the Hopf * -homomorphism linked to ϕ by (1.12), that is, this Hopf * -homomorphism describes the homomorphism of quantum groups K → G dual to the fixed homomorphism G → K. Application of Λ K ⊗ Λ G to both sides of (1.12) yields
Application of Λ K • ϕ ⊗ id ⊗β to both sides of (1.3) gives:
Recall the vague interpretation B = C 0 (X) andβ: X ֒→ G. With the notation as above, by the restriction of a homomorphism G → K to the subset X ⊂ G we mean the map β • ϕ ∈ Mor(C u 0 (K), B). Proof. Let us denote by V,Ṽ ∈ M (C 0 ( K) ⊗ C 0 (G)) and by ρ,ρ ∈ Mor(C 0 (K), C 0 (G) ⊗ C 0 (K)) the bicharacters and right quantum group homomorphisms corresponding to ϕ,φ, respectively. Now, if β•ϕ = β•φ, then the corresponding unitaries coincide:
. Using Lemma 4.1 one may rewrite this as
or equivalentlyṼ * 12 X 23Ṽ12 = V * 12 X 23 V 12 . By slicing with ω ∈ B * on the third leg we see that the right quantum group homomorphisms ρ andρ agree on the M 1 (they are normal * -homomorphisms). But applying (τ Theorem 4.2 says that a homomorphism between quantum groups is uniquely determined by its values on a quantum generating set. The rest of Section 4 is devoted to reversing the implication in case G is discrete: if a subset has the property that homomorphisms between quantum groups are uniquely determined by their values on this set, then the set in question is generating. In other words, we will manufacture two different homomorphisms that agree on a given subset, provided that it is not generating. To this end, let β ∈ Mor(c 0 (G), B) be a morphism with Hopf image (π, H,β) such that H G. Denote by K = G * H G. Using [Wan95, Theorem 3.4 & Corollary 3.5], one can describe K as follows.
Consider first the free product
in the first and second spot, respectively, these maps are Hopf morphisms. Denote by π:
Lemma 4.3. π is not surjective.
Proof. Assume it is. Using (1.13) we then have that γ:
is surjective, which contradicts our assumption H = G.
Proof. Consider the smallest C * -subalgebra of
let it be called A. It follows from the concrete description of the free product (see, e.g. [BO08, §4.7 
It is now clear that for a given y as above one could have chosen ω such that ω(i 2 (y)) = 0 and ω ↾ A = 0. Indeed, first pick non-zeroω ∈ C u ( G) such thatω ↾ π(C u ( H)) = 0 andω(y) = 0. Then
* is the required functional.
As the final step of constructing K = G * H G, one considers q: Proof. Observe that it is enough to show that ϕ j coincide on H, i.e.
(4.1)
The equality (4.1) is equivalent to the equality
But composition of morphisms satisfies ϕ•φ = φ• ϕ, hence (4.2) is equivalent to
which holds in the quotient C( K) = C( K ′ ) / I , as desired. Now using y ∈ C u ( G) from Lemma 4.4 we can see that ϕ 1 = ϕ 2 . Indeed,
from the definition of y and hence ϕ 1 = ϕ 2 .
Let us summarize these ideas in the following Theorem 4.6. Let G be a discrete quantum group and let β ∈ Mor(c 0 (G), B) be a morphism. Then β is generating if and only if for any quantum group K and any pair of homomorphisms
β-restriction and generating morphisms
Let A be a C * -algebra and let U ∈ M (A ⊗ C 0 (G)) be a representation of G on A. Reasoning similarly as in the proof of Proposition 2.8 (with certain W's replaced by U ), one can prove the following proposition:
There exists a unique unitary element
obtained by Proposition 5.1 will be denoted U β and called the β-restriction of U .
Remark 5.3. Observe that (2.7) may be interpreted as W β = X = (id ⊗β) W.
Theorem 5.4 (Theorem C). With the notation as above
. This is obvious in view of Theorem 2.6.
(ii) =⇒ (iii). This follows by applying co-duality to both sides of the equation in (ii), see [KS14b, Section 3 ]. An elementary proof is given in [Józ16, Theorem 3.15].
(iii) =⇒ (iv). Let U, V ∈ M (K(H) ⊗ C 0 (G)) be two representations of G in the same Hilbert space H. Assume that
. We have:
12 . Thus condition (ii) ensures us that there exists a unitary element u ∈ B(H) such that U = (u⊗1)V . Applying (id ⊗∆) to both sides of this equality we get that u = 1 as in the last step of the proof of Proposition 2.8.
(iv) =⇒ (ii). Assume that (ii) does not hold, i.e. we have that
′ (it exists, as von Neumann algebras are spanned by their unitary elements). Consider U = (u ⊗ 1)W(u * ⊗ 1) (it is obvious that U ∈ Rep(G)). From the definition of u it is clear that U = W. But on the other hand we have that
Where the equalities in the last line follow from the fact that W β = X (cf. Remark 5.3) and the fact that X ∈ M 1⊗ B(H) (for a fixed non-degenerate representation π ∈ Mor(B, K(H))) and hence the first leg of X commutes with u.
(i) =⇒ (ii) under additional assumptions. This was discussed in Proposition 2.5 and Theorem 2.6 and boils down to M 1 being automatically τ -invariant.
Remark 5.5. In fact Theorem 4.2 can be deduced from Theorem 5.4 in the case of compact, discrete and Kac type quantum groups: it relies on the implication (iv) =⇒ (iii) for representations coming from bicharacters describing homomorphisms. Its converse, Theorem 4.6, valid for discrete quantum groups, for which (iv) =⇒ (iii) holds automatically, is stronger than just this implication: one can detect injectivity of the β-restriction map not only in the class of all representations, but also in the class of bicharacters coming from homomorphisms.
Promotion of intertwiners
be the unique morphism such that U = (ϕ ⊗ id)W (given by Theorem 1.2).
We would like to interpret X = σ(U ) * ∈ M (C 0 (G) ⊗ B) (which is now an antirepresentation) as a quantum subset X ⊂ G. Let then θ:
⊗B be the map given by (2.6). Also, for any representationŨ ∈ M (A ⊗ C 0 ( G)) of G there exists a uniqueŨ ϕ ∈ M (A ⊗ B) -the restriction of the family of unitariesŨ to the quantum subset X ⊂ G (given by Proposition 5.1). The precise formula is
Let us use the following notation: whenever π ∈ Mor(C u 0 (G), C u 0 (H)) is a Hopf * -homomorphism, we denote by π r = Λ H •π ∈ Mor(C u 0 (G), C 0 (H)) the reduction of this morphism. We begin with computing the restriction of U ∈ M (B ⊗ C 0 (G)) to the subset H ⊂ G, where H is a closed quantum subgroup (via π:
and with the aid of the bicharacter V ∈ M (C 0 ( H) ⊗ C 0 (G))).
In the first equality we used (6.1) and (1.3) in the third equality. In fact the above computation works also for Woronowicz-closed quantum subgroups. For later use, let us compute (θ ⊗ id)V . Proof. (i) =⇒ (ii). Assume that G = H 1 , H 2 , where the embedding H i ⊂ G is described by means of a Hopf
. From Proposition 3.1 this is to say that (6.10)
⊗B be the corresponding morphism. Let us apply the map θ to middle and right hand side of (6.10). The right hand side is then
whereas the left (middle) hand side is
Applying (η ⊗ id) for η ∈ L 1 ( G) to all elements appearing in (6.12) and (6.11), by normality, yields:
Now letting η run through the whole set L 1 ( G), we obtain
, hence the right-hand side of (6.13) reads as:
and similarly the left-hand side of (6.13) turns into
Combining (6.13) with (6.15) and (6.14), we obtain (6.8).
(ii) =⇒ (iii) is obvious, as one specializes U = W, whereas (iii) =⇒ (i) was already shown in Proposition 3.1 (and used as the starting point of the implication (i) =⇒ (ii)).
Recall that for two representations U ∈ B(H U )⊗L ∞ (G) andŨ ∈ B(HŨ )⊗L ∞ (G) of a locally compact quantum group G we denote by Hom G (U,Ũ ) = {t ∈ B(H U , HŨ ) : (t ⊗ 1)U =Ũ (t ⊗ 1)} the set of intertwiners between U andŨ . Then one obviously has Hom G (U,Ũ ) ⊆ Hom H (U π r ,Ũ π r ) for every closed quantum subgroup H ⊂ G.
Lemma 6.3. With the notation as above, let t ∈ B(H U ). Then t ∈ Hom G (U, U ) if and only if
Proof. ( =⇒ ) This follows from the following simple computation, with a ∈ L ∞ ( G) and t ∈ Mor G (U, U ): Observe that the right hand side of (6.18) is nothing but (id ⊗∆)(U 12 t 1 U * 12 ), so using ergodicity of coproduct (see, e.g. [MRW12, Theorem 2.6]) we have that
Let then m ∈ B be such that:
and write this as
Applying (id ⊗∆) to both sides of (6.20) and rearranging the terms one arrives at
Hence it follows (see, e.g. [KR92, 12.4 .36]) that
and consequently m ⊗ 1 commutes with U and hence t = m, which finishes the proof in view of (6.19). 
Proof. It is clear (and noted before Lemma 6.3) that
hence the genuine statement is to obtain the converse containment, under assumption that G is generated by (H i ) i∈I . Assume first that U =Ũ and t ∈ i∈I Hom Hi (U
for all i ∈ I and a ∈ L ∞ ( H i ), whereθ i is as Lemma 6.1 for H i ⊂ G. But Lemma 6.1, together with the assumption
′′ and normality of all the maps involved gives us that
for all and a ∈ L ∞ ( G), hence we conclude by Lemma 6.3 that t ∈ Hom G (U, U ) If now U andŨ are arbitrary, one can consider U ⊕Ũ . Observe that then t ∈ Hom G (U,Ũ ) if and only if
To conclude (6.23), we apply the first part of the proof to U ⊕Ũ and T . The only things that one needs to verify is that (U ⊕Ũ )
(which is clear in view of (1.8)) and that the block form of T remains after we restrict U ⊕Ũ to any H i , which is again obvious.
To prove the other implication, let us pick 1 ∈ I and consider H 1 ⊂ G and H 2 = i∈I\{1} H j . It is now enough to take (6.23) with U =Ũ = W to arrive at (the commutant of) (6.9). We are done thanks to Theorem 6.2.
Let us note the following Corollary 6.5. Assume that G is generated by (H i ) i∈I and let U ∈ B(H U Proof.
( 
Examples and applications
7.1. Classical subsets in quantum groups. Fix a morphism β ∈ Mor(C u 0 (G), B) and assume that the C * -algebra B is commutative. Then from general theory of C * -algebras it follows that β factors through the abelianization of C u 0 (G). The latter was identified in [Daw16, KN13] as a closed quantum subgroup of G: the group of characters of G, or the maximal classical subgroup of G, which we denote by G. Thus the Hopf image of the morphism β is not bigger than G, and it is precisely the subgroup of G generated by the image of the spectrum of B under the Gelfand dual map of β, as one can easily check ( [Józ16, Theorem 3.5]). 7.2. Quantum "az + b" groups. The quantum "az + b" groups were introduced in [Wor01] and [So l05] are quantum deformations of the group of affine transformations of C. The construction of a quantum "az + b" group begins with a choice of a complex deformation parameter q from a certain set (see [So l05]). The parameter determines a multiplicative subgroup Γ of C \ {0} and we let Γ be the closure of Γ in C which is Γ ∪ {0}. The C * -algebra C 0 (G) is then isomorphic to the crossed product C 0 (Γ) ⋊ Γ with the action of Γ on Γ given by multiplication of complex numbers. Let b be the image under the natural morphism C 0 (Γ) → C 0 (Γ) ⋊ Γ = C 0 (G) of the element z affiliated with C 0 (Γ) given by z(γ) = γ for all γ ∈ Γ. Then b is normal and its spectrum is equal to Γ. Furthermore let {U γ } γ∈Γ be the family of unitaries in M (C 0 (G)) implementing the action of Γ. Then for any γ ∈ Γ we have U γ bU * γ = γb. The quantum group G is coamenable ( [So l05, Section 6.2]), so C 0 (G) = C u 0 (G) and so any morphism β ∈ Mor(C u 0 (G), B) is determined by a covariant representation of the dynamical system (Γ, Γ). Using this one can show that β is either injective, or it has commutative image. In the latter case the Hopf image is a classical group, so there is no generating morphism β which is not an isomorphism. In the dual language we can formulate this by saying that the quantum "az + b" group does not contain a proper subset which generates it. 7.3. Double groups. The procedure of constructing so called "double groups" in the C * -algebraic framework goes back to the paper [PW90] where a quantum deformation of the group SL(2, C) was constructed via the double group construction applied to the quantum SU(2) group. The construction which we will very briefly recall below yields always a non-compact locally compact quantum group and various examples have been presented in literature (see e.g. [Pus02] ). Let us note that in [MNW03] the authors use an alternative name for the double group construction, namely "quantum codouble".
The very rough view of the construction of the double group built over a locally compact quantum group K is as follows: the C * -algebra C 0 (G) is defined as C 0 (K)⊗C 0 ( K) with comultiplication ∆ G defined on simple tensors by
It turns out that G defined by (C 0 (G), ∆ G ) is a locally compact quantum group. Moreover K and K are both closed quantum subgroups of G. If we let γ K and γ K be the corresponding embeddings
Section 4] (see in particular [Yam00, Corollary 4.12 and Formula (QD7)]) L ∞ ( G) is generated by the images of γ K and γ K . It follows from Proposition 3.1 that G is generated by K and K.
7.4. Rieffel deformations. Rieffel deformation is a procedure which allows one to deform a locally compact group into a quantum group. In order to perform it one needs to fix an abelian closed subgroup Γ of a locally compact group G and a 2-cocycle Ψ on Γ. The resulting quantum group is denoted by G Ψ , see [Kas11, Rie93, Rie95, EVn96] for further informations on Rieffel deformations. As noted in [Kas11, Section 3], if Γ ⊂ H ⊂ G is a chain of closed subgroups, then H Ψ ⊂ G Ψ . Now suppose that H 1 , H 2 = G and that Γ ⊂ H 1 ∩ H 2 . It follows from [Kas09, Theorem 4.12] and Proposition 3.1 that H Ψ 1 , H Ψ 2 = G Ψ . A particular example of this construction is obtained by taking G = SL(2, C), H 1 -the group of upper-triangular matrices and H 2 are the lower-triangular matrices; Γ = H 1 ∩ H 2 ∼ = C × is the group of diagonal matrices. For the 2-cocycle Ψ one can take a cocycle described in [Kas09, Section 5].
